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1. Introduction
Let G be a ﬁnite group, p a prime number dividing the order of G and (K , O,k) a p-modular
system, that is, O is a complete discrete valuation ring with unique maximal ideal πO, quotient
ﬁeld K of characteristic zero and residue class ﬁeld k = O/πO of characteristic p > 0. We use R to
denote either O or k. Throughout this paper, all RG-modules are assumed to be ﬁnitely generated
right modules. An OG-lattice means an OG-module which is free as an O-module.
Let Γ (RG) be the Auslander–Reiten quiver of the group ring RG. For a connected component Θ
of Γ (RG), we denote by Θs the stable part of Θ . Webb showed that the tree class of Θs is either
a Euclidean diagram or one of the inﬁnite trees A∞ , B∞ , C∞ , D∞ and A∞∞ if the modules in Θ do
not belong to a block of cyclic defect [23, Theorem A].
In the case where R = k, Erdmann proved that the tree class of Θs is A∞ if the modules in Θ
belong to a wild block of kG [9]. It is known that a block of kG is of wild representation type if its
defect group is neither cyclic, dihedral, generalized quaternion nor semidihedral. Also, it was shown
that if Θ contains a trivial source kG-module T and the vertex of T is neither cyclic, dihedral, gen-
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Uno [22, Theorem B].
On the other hand, in the case where R = O and G is a p-group, it was proved that the tree
class of the stable part of the connected component of Γ (OG) containing the trivial OG-lattice OG
or the radical Rad(OG) of OG is A∞ if OG is of wild representation type [12,15]. Concerning the
representation type of group rings over O, we refer to the table due to Dieterich [6].
The purpose of this paper is to investigate the structure of a connected component Θ of Γ (OG)
when Θ contains a trivial source OG-lattice and the lattices in Θ belong to a block of OG of inﬁnite
representation type on the assumption that O is suﬃciently large to satisfy certain conditions, see
Theorem 3.1. Also, in the case where G is a p-group and OG is of wild representation type, we
remark that the conclusion in Theorem 3.1 holds without the assumption on O, see Theorem 4.3 and
[12, Theorem].
For basic facts and terminology used here, see the books of Auslander, Reiten and Smalø [2], Ben-
son [3], Thévenaz [21], Nagao and Tsushima [17]. For a subgroup Q of G , we denote by OQ the
trivial OQ -lattice. A trivial source OG-lattice is an indecomposable direct summand of OQ ↑G :=
OQ ⊗OQ OG for some subgroup Q of G . For a non-projective indecomposable RG-lattice V (R is O
or k), we denote by A(V ) an almost split sequence 0 → τ V → M(V ) → V → 0. Here the notation
M(V ) is used to denote the middle term of A(V ). It is known that the Auslander–Reiten translate
τ of the Auslander–Reiten quiver Γ (OG) in the OG-lattice category is equal to Ω , while the one of
Γ (kG) in the kG-module category is Ω2, where Ω is the Heller operator. See, for example, [1,18].
2. Almost split sequences and trivial source lattices
Following [21, (34.11) Theorem], we construct almost split sequences of OG-lattices. Let L be a
non-projective indecomposable OG-lattice. Then an almost split sequence A(L) terminating in L is
constructed as a pull-back of a projective cover PL of L along an almost projective OG-endomorphism
ρ of L:
0 −−−−→ ΩL −−−−→ M(L) −−−−→ L −−−−→ 0∥∥∥ ⏐⏐ pull-back ⏐⏐ρ
0 −−−−→ ΩL −−−−→ PL −−−−→ L −−−−→ 0
Here, an almost projective OG-endomorphism of L is a generator of the simple socle Soc(EndOG (L))
of EndOG(L) = EndOG(L)/EndOG(L)G1 , where EndOG(L)G1 is the set of all projective OG-endomor-
phisms of L.
Using a similar argument in [11, Section 3, Step 1], we can prove the following Lemmas 2.1 and 2.2.
Lemma 2.1. Suppose that a short exact sequence E : 0 → Z → Y → X → 0 of RG-lattices does not split and
both X and Z are indecomposable. Suppose that Z ⊂ Y satisﬁes the following condition:
f (Z) ⊆ Z for any f ∈ EndRG(Y ).
Then Y is indecomposable.
Proof. Let e ∈ EndRG(Y ) be any idempotent. By our assumption, e induces idempotents e|Z ∈ EndRG(Z)
and eˆ ∈ EndRG(X) satisfying the following commutative diagram:
0 −−−−→ Z −−−−→ Y −−−−→ X −−−−→ 0⏐⏐e|Z
⏐⏐e ⏐⏐eˆ0 −−−−→ Z −−−−→ Y −−−−→ X −−−−→ 0
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First, we consider the case where eˆ = 0. Then Im e ⊆ Z . If e|Z = IdZ , then e ◦ e|Z = IdZ and E splits,
a contradiction. Thus e|Z = 0, and we have e = e2 = e|Z ◦ e = 0.
Next, consider the case eˆ = IdX . If e|Z = 0, a map e′ : Y /Z → Y is well deﬁned by e′(y+ Z) := e(y)
for y ∈ Y and E splits, a contradiction. Hence e|Z = IdZ , and we have e = IdY by the ﬁve lemma. 
Lemma 2.2. Let Q (= 1) be a normal p-subgroup of G and T a trivial source OG-lattice with vertex Q .
Suppose that 0 → ΩT → M → T → 0 is a short exact sequence of OG-lattices. Then we have
(1) ΩT = {m ∈ M |mQˆ = 0}, where Qˆ =∑h∈Q h.
(2) f (ΩT ) ⊆ ΩT for any f ∈ EndOG(M).
Proof. (1) Since ΩT↓Q is isomorphic to a direct sum of some copies of ΩOQ , we have (ΩT )Qˆ = 0
and ΩT ⊆ {m ∈ M | mQˆ = 0}. On the other hand, let m ∈ M − ΩT . Then 0¯ = m + ΩT ∈ M/ΩT . As
(M/ΩT )↓Q ∼= T↓Q is isomorphic to a direct sum of some copies of OQ , we have (m + ΩT )Qˆ =
|Q |m+ ΩT = ΩT (= 0¯ ∈ M/ΩT ). In particular, mQˆ = 0.
(2) It follows that f (x)Qˆ = f (xQˆ ) = f (0) = 0 for any x ∈ ΩT , and thus f (x) ∈ ΩT by (1). 
By Lemmas 2.1 and 2.2(2), we have proved the ﬁrst part of the following.
Lemma 2.3. Let Q (= 1) be a normal p-subgroup of G and T a trivial source OG-lattice with vertex Q . Let
A(T ) : 0 → ΩT → M(T ) → T → 0 be the almost split sequence terminating in T . Then the middle term
M(T ) of A(T ) is indecomposable. If M(T ) is not projective, a vertex vx(M(T )) of M(T ) contains Q .
Proof. It follows that vx(M(T )) G Q or vx(M(T )) G Q by [7, (2.3) Lemma]. Now, assume that
1 = vx(M(T ))  Q . Then A(T )↓vx(M(T )) splits and we see that Ovx(M(T )) and ΩOvx(M(T )) are direct
summands of M(T )↓vx(M(T )) . Since vx(M(T )) is a vertex of both Ovx(M(T )) and ΩOvx(M(T )) , it fol-
lows that both Ovx(M(T )) and ΩOvx(M(T )) are vx(M(T ))-sources of M(T ). However, Ovx(M(T )) is not
conjugate to ΩOvx(M(T )) , a contradiction. 
Carlson and Jones [4] deﬁned the exponent exp(L) of an OG-lattice L as the least power πa of
π such that the multiplication πa IdL of the elements of L by πa factors through a projective OG-
lattice. In the case where L is a non-projective indecomposable OG-lattice with exp(L) = πa , A(L)
splits modulo (π) if and only if a 2 [16, Remark 1.5].
Also, they deﬁned the exponential property (property E) [4]. A non-projective indecomposable
OG-lattice L with exp(L) = πa is said to possess property E if πa−1 IdL is an almost projective OG-
endomorphism of L. We recall some results of [4].
Proposition 2.4 (Carlson–Jones).
(1) If L is an absolutely irreducible OG-lattice, then L has property E.
(2) Let L be an indecomposable OG-lattice with vertex Q and Q -source S. Assume that L and S are absolutely
indecomposable. If L has property E, then so does S.
Proof. See Lemma 2.2 and Theorem 3.5 of [4]. 
Lemma 2.5. Let L be an indecomposable OG-lattice with vertex Q and Q -source S. Then exp(L) = exp(S).
In particular, if T is a trivial source OG-lattice with vertex Q (= 1), then exp(T ) = exp(OQ ) = πa ,
where πaO = |Q |O. Moreover, if |Q |O  πO, the almost split sequence A(T ) terminating in T splits
modulo (π). In this case, the middle term M(T ) of A(T ) is projective-free.
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direct summand of S↑G , π r IdL is projective. Now assume that π r−1 IdL is projective. Then π r−1 IdL↓Q
is projective. This implies that π r−1 IdS is projective as S is a direct summand of L↓Q . This contradicts
that exp(S) = π r .
It is known that exp(OQ ) = πa [12, Lemma 1.1]. Hence if |Q |O  πO, then a 2 and A(T ) splits
modulo (π). Since T /π T and Ω/πΩT are projective-free, so is M(T )/πM(T ). 
The following Lemmas 2.6 and 2.7 will be used in Section 3.
Lemma 2.6. Let Q (= 1) be a normal p-subgroup of G, and let T be a trivial source OG-lattice with vertex Q .
Suppose that T /π T is not an irreducible kG-module. Put n = rankO T and m = dimk T /Rad(T ).
(1) Let A(T ) be the almost split sequence terminating in T . Then A(T )↓Q is a direct sum of m copies of
A(OQ ) and (n −m) copies of a split sequence 0→ ΩOQ → ΩOQ ⊕ OQ → OQ → 0.
(2) Let vx(M(T )) be a vertex of the middle term M(T ) of A(T ). Then vx(M(T ))  Q .
Proof. (1) Note that T is projective as an O(G/Q )-lattice but T /π T is not simple as a k(G/Q )-
module, and T /Rad(T ) is isomorphic to both the simple top and the simple socle of a projective
k(G/Q )-module T /π T . Let ρ¯ : T /π T → Soc(T /π T ) be a natural surjection with Ker(ρ¯) = Rad(T /π T ),
and let ρ : T → T be an OG-homomorphism which induces a kG-endomorphism ρ¯ of T /π T . Put
πaO = |Q |O. Then as exp(T ) = πa by Lemma 2.5, πa−1ρ is an almost projective OG-endomorphism
of T , and the almost split sequence A(T ) terminating in T is obtained as a pull-back of a projective
cover of T along ρ . By the deﬁnition of ρ , we have
dimk
(
Im f + πaT )/πaT =m
and thus we can choose O-bases {t1, . . . , tm; tm+1, . . . , tn} and {t′1, . . . , t′m; t′m+1, . . . , t′n} for T such that
ρ(ti) = πa−1t′i (1 i m) and ρ(ti) ∈ πaOt′i (m + 1 i  n).
Put ρi = ρ|Oti : Oti → Ot′i (1  i  n). Then ρ = ρ1 + · · · + ρn . Since Q acts on T trivially, Oti andOt′i are trivial OQ -lattices and ρi are OQ -homomorphisms from Oti to Ot′i (1 i  n). Let Ai be a
pull-back of a projective cover of OQ -lattice Ot′i along ρi . Since exp(OQ ) = πa , Ai (1 i m) are
almost split sequences terminating in OQ and Ai (m + 1 i  n) are split sequences.
(2) By (1), we see that OQ and ΩOQ appear as direct summands of M(T )↓Q . If vx(M(T )) = Q ,
then OQ and ΩOQ are Q -sources of M(T ), and thus they are conjugate to each other in G , a con-
tradiction. 
Lemma 2.7. Let Q (= 1) be a normal p-subgroup of G, and let T be a trivial source OG-lattice with vertex Q .
Suppose that T /π T is an absolutely irreducible kG-module. Put n = rankO T .
(1) Let A(T ) be the almost split sequence terminating in T . Then A(T )↓Q is a direct sum of n copies of
A(OQ ).
(2) Suppose that the middle term M(T ) of A(T ) is not projective. Let vx(M(T )) be a vertex of M(T ). Then
vx(M(T )) = Q .
Proof. (1) Since T is absolutely irreducible by our assumption, T has property E by Proposition 2.4(1).
Hence A(T ) is a pull-back of a projective cover of T along πa−1 IdT , where πa = exp(T ). Since T↓Q
is isomorphic to a direct sum of n copies of OQ with exp(OQ ) = πa and OQ has property E by
Proposition 2.4(1), the statement follows.
(2) By (1), M(T )↓Q is isomorphic to n copies of M(OQ ), and M(OQ ) is indecomposable by
Lemma 2.3. Since ΩT is a direct summand of the middle term M(M(T )) of an almost split sequence
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phic to M(OQ ) or ΩM(OQ ) (rankO M(OQ ) = |Q | and rankOΩOQ = |Q |−1), A(M(T ))↓Q does not
split. Hence we see that vx(M(T )) = Q and M(OQ ) is a Q -source of M(T ) [19, 2.10 Proposition]. 
Lemma 2.8. Let T be a trivial source OG-lattice with vertex Q (= 1). Let M(T ) be the middle term of the al-
most split sequence A(T ) terminating in T . Suppose that an indecomposable projective OG-lattice P appears
as a direct summand of M(T ). Then M(T ) = P .
Proof. Since there is an irreducible map from ΩT to P , ΩT is isomorphic to a direct sum-
mand of Rad(P ). Let S be a simple kG-module isomorphic to Top(P/π P ). Here we claim that
Soc(Rad(P )/π Rad(P )) ∼= S ⊕ S . Otherwise, Soc(Rad(P )/π Rad(P )) ∼= S . Let B be an OG-block con-
taining P . Then P is the only indecomposable OG-lattices belonging to B . (See, for example, the
proof of [14, Lemma 2].) This contradicts the existence of T .
Next, we claim that Soc(ΩT /πΩT ) ∼= S . Indeed, assume that Soc(ΩT /πΩT ) ∼= S ⊕ S . Then ΩT is
isomorphic to Rad(P ), and thus the ordinary character θΩT afforded by ΩT coincides with the prin-
cipal indecomposable character θP afforded by K ⊗O P (= K ⊗O Rad(P )). Since P ⊕ P is the injective
hull of ΩT , the ordinary character θM(T ) afforded by M(T ) is equal to 2θP . Hence T affords the ordi-
nary character θT = θP . As P is projective, we see that θP (h) = 0 for 1 = h ∈ Q [17, IV, Theorem 7.4].
On the other hand, as T↓Q is isomorphic to a direct sum of OQ and some permutation module,
θT↓Q can be written as θT↓Q = 1Q + θ for the trivial character 1Q and some permutation character
θ of Q . Therefore, we have θT (h) = 0 for any h ∈ Q , a contradiction.
Now, by the above claim, P is the injective hull of ΩT . In particular, we see that rankO M(T ) =
rankO P . 
Let Q (= 1) be a p-subgroup of G , and let f be the Green correspondence with respect to
(G, Q ,NG(Q )). Let V be an indecomposable RG-lattice with vertex Q and f V a Green correspon-
dent of V . Let A(V ) : 0 → τ V → M(V ) → V → 0 and A( f V ) : 0 → τ f V → M( f V ) → f V → 0
be almost split sequences terminating in V and f V , respectively. Then we have A(V )↓NG (Q ) ∼=
A( f V ) ⊕ E and A( f V )↑G ∼= A(V ) ⊕ E ′ for some Q -split sequences E, E ′ . (See [21, §35] and
[11, Lemmas 2.2 and 2.3].) Moreover, using the argument in the proof of [11, Theorem 2.5], we obtain
the following.
Lemma 2.9. Let V be an indecomposable RG-lattice with vertex Q (= 1). Then the number of indecomposable
direct summands of M(V ) whose vertices contain (a G-conjugation of ) Q is equal to the number of indecom-
posable direct summands of M( f V ) whose vertices contain Q .
The following is the main result in this section.
Theorem 2.10. Let T be a trivial source OG-lattice with vertex Q (= 1). Let M(T ) be the middle term of the
almost split sequence A(T ) : 0 → ΩT → M(T ) → T → 0 terminating in T . Then M(T ) is indecomposable. If
M(T ) is not projective, a vertex of M(T ) contains Q .
Proof. We distinguish two cases.
Case 1: |Q |O  πO. Since A(T ) splits modulo (π) by Lemma 2.5, it follows that M(T )/πM(T ) ∼=
T /π T ⊕ΩT /πΩT . Let Y be any indecomposable direct summand of M(T ). Then T /π T or ΩT /πΩT
is a direct summand of Y /πY . Hence kQ or ΩkQ is a direct summand of (Y /πY )↓Q . Considering
the Mackey decomposition theorem, we see that a vertex of Y contains (a G-conjugation of) Q . By
Lemmas 2.3 and 2.9, the result follows.
Case 2: |Q |O = πO, namely, Q is a cyclic group of order p and p generates the maximal ideal
πO of O. If M(T ) has an indecomposable projective lattice P as a direct summand, then we see that
M(T ) = P by Lemma 2.8. Next, suppose that M(T ) is projective-free. Let Y be any indecomposable
direct summand of M(T ). Then, as |Q | = p, we have vx(Y ) G Q from [7, (2.3) Lemma]. Thus the
result follows by Lemmas 2.3 and 2.9. 
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The main result of this paper is the following.
Theorem 3.1. Let Q (= 1) be a p-subgroup of G, and let T be a trivial source OG-lattice with vertex Q . Sup-
pose that k is algebraically closed and pO  πO. Let Θ be the connected component of Γ (OG) containing T .
Then, if lattices in Θ belong to a block of OG of inﬁnite representation type, the tree class of the stable part Θs
of Θ is A∞ and T lies at the end of Θ .
It is known that if G = C2 × C2 is a Klein four group and 2O = πO, then the tree class of the
stable part of the connected component of Γ (OG) containing OG is D˜4 [5, Proposition 3.4].
In order to prove the above theorem, we need some preliminary calculations.
Lemma 3.2. Let Q be a p-subgroup of G with |Q | p2 , T a trivial source OG-lattice with vertex Q and Θ
the connected component of Γ (OG) containing T . Suppose that Q is minimal in {vx(L) | L ∈ Θ} with respect
to G . Suppose further that pO  πO in the case where |Q | = p2 . Then for any non-projective indecompos-
able OG-lattice L in Θ , A(L) splits modulo (π). In particular, Θ does not contain a projective lattice and the
tree class of Θ is not Euclidean.
Proof. Let Q ′ be a maximal subgroup of Q . Then A(L)↓Q ′ splits for all L ∈ Θs . Thus L↓Q ′ has a
syzygy of OQ ′ as a direct summand and we see that exp(L)O  |Q ′|O  πO by our assumption.
Hence A(L) splits modulo (π).
Next, we claim that Θ does not contain a projective lattice. Otherwise, there is an indecomposable
OG-lattice L ∈ Θ such that the middle term M(L) of A(L) has a projective lattice as a direct sum-
mand. Since L/π L and ΩL/πΩL are projective-free, A(L) does not split modulo (π), a contradiction.
The last assertion follows by [23, Theorem A]. 
Lemma 3.3. Let Q (= 1) be a normal p-subgroup of G, and let T be a trivial source OG-lattice with vertex Q .
Suppose that T /π T is not irreducible. Let Θ be the connected component of Γ (OG) containing T . Then the
tree class of Θ is not D∞ .
Proof. Assume that the tree class of Θ is D∞ . Since T lies at the end of Θ , a part of Θ is as follows
for some non-projective indecomposable OG-lattice T ′ ( T ):
ΩM(T ) M(T ) Ω−1M(T )
ΩT T
ΩT ′ T ′
where M(T ) is isomorphic to the projective-free part of the middle term M(T ′) of A(T ′). It was
shown that if Θ has inﬁnitely many indecomposable lattices and Θ contains a τ -periodic lattice then
Θ is a tube by Happel, Preiser and Ringel [10]. Hence we have only to consider the case where all
lattices in Θs are not Ω-periodic and so we may assume that Q is not cyclic and |Q | p2.
Firstly, we claim that A(T ) and A(M(T )) split modulo (π). Indeed, as exp(T ) = πa > π ,
where πaO = |Q |O, A(T ) splits modulo (π). As πa−1 IdT is not almost projective (see the
S. Kawata / Journal of Algebra 322 (2009) 1395–1405 1401proof of Lemma 2.6(1)), T does not have property E . Hence we have exp(M(T ))  πa (> π) by
[4, Theorem 2.4], and this forces that A(M(T )) splits modulo (π).
Secondly, we claim that A(T ′)↓Q does not split. Indeed, the indecomposable direct summands
of M(T )↓Q are OQ , ΩOQ and M(OQ ) by Lemma 2.6(1). This means that M(OQ ) is a direct
summand of M(T ′)↓Q but ΩM(OQ ) and Ω−1M(OQ ) are not direct summands of M(T ′)↓Q since
M(T ) = M(T ′) modulo projective. Hence A(T ′)↓Q does not split. (If A(T ′)↓Q splits and L is an
indecomposable direct summand of M(T ′)↓Q , then ΩL or Ω−1L must be a direct summand of
M(T ′)↓Q .)
The above claim implies that vx(T ′) = Q . Since vx(M(T ))  Q by Lemma 2.6(2), A(M(Ω−1T ))↓Q
splits by [19, 2.10 Proposition]. Thus T ′↓Q is isomorphic to a direct summand of M(T )↓Q ⊕
Ω−1M(T )↓Q , and a Q -source of T ′ is either M(OQ ), Ω−1M(OQ ) or a syzygy of OQ .
Now, assume that a syzygy ΩtOQ of OQ for some t ∈ Z is a Q -source of T ′ . Then, by
[4, Lemma 2.1(iv)] and Lemma 2.5, we see that exp(T ′) = exp(ΩtOQ ) = exp(OQ ) > π (|Q |  p2)
and A(T ′) splits modulo (π). Hence we have
T /π T ⊕ ΩT /πΩT ∼= M(T )/πM(T ) = M(T ′)/πM(T ′) ∼= T ′/π T ′ ⊕ ΩT ′/πΩT ′.
Since T /π T and ΩT /πΩT are indecomposable and T /π T is not Ω-periodic, we see that T ′/π T ′ ∼=
T /π T and Q acts trivially on (T ′/π T ′)↓Q . This forces that t = 0 and T ′↓Q is a direct sum of some
copies of OQ . Therefore, we may regard T ′ as an O(G/Q )-lattice. However, T ′/π T ′ and T /π T are
isomorphic and projective as k(G/Q )-modules, T ′ is isomorphic to T as O(G/Q )-lattices, a contra-
diction.
Next, assume that M(OQ ) (or Ω−1M(OQ )) is a Q -source of T ′ . Then it follows that (T ′/π T ′)↓Q
is a direct sum of some copies of kQ ⊕ΩkQ (or Ω−1kQ ⊕kQ ). On the other hand, since A(Ω−1M(T ))
splits modulo (π), T ′/π T ′ is a direct summand of (T /π T )⊕ (T /π T )⊕Ω(T /π T )⊕Ω−1(T /π T ). Thus
we have T ′/π T ′ ∼= (T /π T )⊕Ω(T /π T ) (or T ′/π T ′ ∼= Ω−1(T /π T )⊕ (T /π T )) because (T /π T )↓Q is a
direct sum of some copies of kQ . Let Q ′ (= 1) be a proper cyclic subgroup of Q . For a non-projective
indecomposable OG-lattice L ∈ Θ , let d(L) be the number of the non-projective direct summands of
(L/π L)↓Q ′ . Since any L in Θs is not Ω-periodic, L is not Q ′-projective. Hence A(L)↓Q ′ splits for all
L ∈ Θs by [19, 2.10 Proposition], and the map d : Θs → N is an additive function with d(L) = d(ΩL)
for all L ∈ Θs . It is known that an Ω-periodic additive function on a connected component of the
form D∞ is uniquely determined up to multiplication by a positive integer, and the equality d(T ) =
d(T ′) holds [3, Proposition 4.5.7]. However, the above argument yields (T ′/π T ′)↓Q ′ ∼= (T /π T )↓Q ′ ⊕
(Ω±1T /πΩ±1T )↓Q ′ and 2d(T ) = d(T ′), and this contradiction completes the proof. 
An OG-lattice L is said to be irreducible if K ⊗O L is an irreducible KG-module.
Lemma 3.4. Let Q (= 1) be a normal p-subgroup of G, T a trivial source OG-lattice with vertex Q and Θ
the connected component of Γ (OG) containing T . Assume that Q is minimal in {vx(L) | L ∈ Θ} with respect
to G . Suppose that T /π T is irreducible and k is algebraically closed. Assume further that pO  πO in the
case where |Q | = p2 . Then the tree class of Θ is not D∞ .
Proof. Assume that the tree class of Θ is D∞ . As Θ has inﬁnitely many indecomposable OG-lattices,
we may assume that T is not Ω-periodic by virtue of [10] and Q is not cyclic. In particular, |Q | p2.
Since T lies at the end of Θ , there exists an almost split sequence 0 → ΩT ′ → M(T ′) → T ′ → 0
for some non-projective indecomposable OG-lattice T ′ ( T ), where M(T ′) is projective-free and
isomorphic to M(T ) by Lemma 3.2. Again by Lemma 3.2, A(T ), A(T ′) and A(M(T )) split modulo (π).
Hence we have
T /π T ⊕ ΩT /πΩT ∼= M(T )/πM(T ) ∼= T ′/π T ′ ⊕ ΩT ′/πΩT ′.
1402 S. Kawata / Journal of Algebra 322 (2009) 1395–1405Since T /π T and ΩT /πΩT are indecomposable and T /π T is not Ω-periodic, we see that T ′/π T ′ ∼=
T /π T and Q acts trivially on (T ′/π T ′)↓Q .
Since k is algebraically closed, T /π T is an absolutely irreducible kG-module. Thus T is an ab-
solutely irreducible OG-lattice. As T ′/π T ′ ∼= T /π T , T ′ is absolutely irreducible and thus T ′ has
property E by Proposition 2.4(1). Also, we see that (T ′/π T ′)↓Q is a direct sum of some copies of
a trivial kQ-module. This means that any direct summand of T ′↓Q is not isomorphic to M(OQ ) be-
cause M(OQ )/πM(OQ ) ∼= kQ ⊕ ΩkQ and ΩkQ  kQ (|Q | p2). As M(T ′)↓Q = M(T )↓Q is a direct
sum of some copies of M(OQ ), A(T ′)↓Q does not split and hence we see that vx(T ′) = Q . Let S ′ be
a Q -source of T ′ . Then, by Proposition 2.4(2), S ′ has property E because k is algebraically closed and
S ′ is absolutely indecomposable [17, IV, Lemma 7.1]. Since exp(T ′) = exp(S ′), we see that A(T ′)↓Q
is a direct sum of some copies of A(S ′). Since M(T ′)↓Q is a direct sum of some copies of M(OQ )
and OQ lies in a connected component of Γ (OG) of the form ZA∞ [12, Theorem], we see that
M(S ′) ∼= M(OQ ) and S ′ ∼= OQ . This means that Q acts on T ′ trivially. Therefore, we may regard T ′ as
an O(G/Q )-lattice. However, T ′/π T ′ and T /π T are isomorphic and projective as k(G/Q )-modules,
T ′ is isomorphic to T as O(G/Q )-lattices, a contradiction. 
In fact, we can remove the assumption that pO  πO in Lemma 3.4 if p is odd. More precisely,
the following holds.
Lemma 3.5. Suppose that p is odd and Q = Cp × Cp is a normal subgroup of G. Let T be a trivial source
OG-lattice with vertex Q . Suppose that T /π T is irreducible. Assume further that k is algebraically closed and
pO = πO. Let Θ be the connected component of Γ (OG) containing T . Then the tree class of Θ is not D∞ .
Proof. As k is algebraically closed, T is absolutely irreducible and has property E by Proposi-
tion 2.4(1). Note that exp(T ) = π2 by Lemma 2.5 and our assumption that |Q |O = π2O. Since A(T )
is a pull-back of a projective cover PT of T along an almost projective endomorphism π IdT , we see
that M(T ) is isomorphic to the radical Rad(PT ) of PT . (Note that Rad(PT ) is indecomposable, see [24]
or [14, Proposition 3].)
Assume that the tree class of Θ is D∞ . Since T lies at the end of Θ , there exists an almost split
sequence 0→ ΩT ′ → M(T ′) → T ′ → 0 for some non-projective indecomposable OG-lattice T ′ ( T ),
where the projective-free part of M(T ′) is isomorphic to M(T ).
Here, we claim that M(T ′) is projective-free and M(T ′) = M(T ). Indeed, if some indecomposable
projective OG-lattice P appears as a direct summand of M(T ′), then ΩT ′ ∼= Rad(P ) and M(T ′) = P ⊕
M(T ) affords an ordinary character 2θP , where θP is a principal indecomposable character afforded
by P . Thus we see that M(T ) affords θP and PT ∼= P . However, this shows that ΩT ′ ∼= Rad(PT ) ∼=
M(T ), a contradiction.
Let PT ′ be the projective cover of T ′ and θPT ′ an ordinary character afforded by PT ′ . Note that θPT ′
is equal to the ordinary character θPT afforded by PT as M(T ) = M(T ′). This forces that PT ∼= PT ′ and
T ′/π T ′ has a simple top isomorphic to T /π T .
Since M(T ) ∼= Rad(PT ), A(Ω−1(M(T ))) modulo (π) is a direct sum of the almost split sequence
A(Ω−1(T /π T )) and a split sequence 0 → T /π T → T /π T ⊕ T /π T → T /π T → 0 by [14, Theorem 9].
Note that the projective-free part HT /π T of the middle term M(Ω−1(T /π T )) of A(Ω−1(T /π T )) is
indecomposable [13, Theorem 2.1] and isomorphic to the heart of PT /π PT .
Here, we claim that T ′/π T ′  HT /π T . Otherwise, HT /π T has a simple top isomorphic to T /π T .
This forces the Loewy series of PT /π PT is uniserial and all composition factors of PT /π PT are iso-
morphic to T /π T , and thus T /π T belongs to a block of kG of cyclic defect, a contradiction.
The above claim implies that T ′/π T ′ is isomorphic to T /π T . However, the same argument of the
second paragraph in the proof of Lemma 3.4 shows that T ′ ∼= T and this contradiction proves the
result. (We used [12, Theorem] in the proof of Lemma 3.4. We need the assumption that p is odd
when we apply [12, Theorem] for G = Cp × Cp and O with pO = πO.) 
We recall some facts which will be used to prove Theorem 3.1.
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element Q with respect toG , which is uniquely determined up to conjugation. Moreover, ﬁxing L0 in Θ with
vx(L0) = Q , let f L0 be the Green correspondent of L0 with respect to (G, Q ,NG(Q )). Then there is a graph
monomorphism κ from Θs to the stable connected component Ξs of Γs(RNG(Q )) containing f L0 such that
X | κ(X)↑G and κ(X) | X↓NG (Q ) for all X ∈ Θs .
Proof. See [11, Corollary 2.6]. 
Lemma 3.7. Let Θ be a connected component of Γ (RG) containing a trivial source RG-lattice. Let Q be a
minimal element in {vx(X) | X ∈ Θs} with respect to G . Then there exists a trivial source RG-lattice T in Θ
with vx(T ) = Q .
Proof. Let T ′ be a trivial source RG-lattice in Θ . Suppose that vx(T ′) G Q . Then there is a sequence
T ′ = L0 − L1 − · · · − Lt of indecomposable RG-lattices in Θ such that
(i) Q G vx(Li) for 0 i  t − 1 and vx(Lt) =G Q ,
(ii) Li is a direct summand of the middle term of A(Li−1) for 1 i  t .
Since A(Li−1)↓Q are split (1  i  t), we see that each Li↓Q has a syzygy of OQ as a direct
summand. In particular, Lt has a syzygy of OQ as a Q -source. 
For indecomposable RG-lattices U and V (R is O or k), we denote by Irr(U , V ) the EndRG(U )-
EndRG(V )-bimodule Rad(HomRG(U , V ))/Rad
2(HomRG(U , V )) of irreducible maps of U to V . Let aU ,V
(resp. a′U ,V ) be the length of Irr(U , V ) as EndRG(U )-module (resp. as EndRG(V )-module). Then, if U
and V are not projective, aU ,V is the multiplicity of U in the middle term M(V ) of A(V ) and a′U ,V is
the multiplicity of V in the middle term M(τU ) of A(τU ). See [20, 3.8 Deﬁnition] and [3, §4.13].
We are now ready to prove Theorem 3.1.
Proof of Theorem 3.1. Note that EndOG(U )/Rad(EndOG(U )) ∼= k for any indecomposable OG-lattice
U since k is algebraically closed. Hence, we have aU ,V = a′U ,V for any indecomposable OG-lattice U
and V since aU ,V and a′U ,V are equal to the k-dimension of Irr(U , V ). This implies that the tree class
Υ of Θs is not B∞ or C∞ [20, 3.8 Deﬁnition]. From Lemmas 3.6 and 3.7, we may assume that Q is
normal in G and minimal in {vx(L) | L ∈ Θ} with respect to G . Hence Υ is not D∞ by Lemmas 3.3
and 3.4. Also, we may assume that Q is not cyclic by virtue of [10], and so |Q |  p2. Then we see
that Υ is not Euclidean by Lemma 3.2. Moreover, Υ is not A∞∞ by Theorem 2.10. The result holds by
Webb’s Theorem A of [23]. 
4. Trivial source lattices in Auslander–Reiten components for p-groups
In this section, let G be a p-group and H (= 1) a normal subgroup of G . Note that OH↑G is inde-
composable and isomorphic to HˆOG , where Hˆ =∑h∈H h. We consider the middle term M(OH↑G) of
the almost split sequence A(OH↑G) terminating in OH↑G .
Deﬁne a projective cover μ : OG → HˆOG by letting μ(x) = Hˆx for x ∈ OG . Also, deﬁne
an OG-homomorphism ρ : HˆOG → HˆOG by ρ(y) = |H|π−1(∑a∈H\G a)y for y ∈ HˆOG . Since
EndOG(OH↑G) ∼= (O/|H|O)(G/H), ρ generates the socle of EndOG(OH↑G). Following [21, (34.11) The-
orem], we get the almost split sequence A(OH↑G) as a pull-back diagram of a projective cover μ of
OH↑G along ρ . Therefore we may regard M(OH↑G) = {(x, y) ∈ OG ⊕ HˆOG | μ(x) = ρ(y)} as a sub-
module of OG ⊕ OG , that is,
M
(OH↑G)=
(
|H|π−1
∑
a∈H\G
a, Hˆ
)
OG +
∑
h∈H
(h − 1,0)OG
⊂ OG ⊕ HˆOG ⊂ OG ⊕ OG.
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EndOG
(
M
(OH↑G))/Rad(EndOG(M(OH↑G)))∼= O/πO (= k).
Proof. Put α = (|H|π−1∑a∈H\G a, Hˆ) and
L = α
∑
g∈G
(g − 1)OG +
∑
h∈H
(h − 1,0)OG.
Then M(OH↑G) = Oα + L. Let f be any element in EndOG(M(OH↑G)). We claim that f (L) ⊆ L.
Indeed, for m ∈ L, let f (m) = rα + m′ with r ∈ O and m′ ∈ L. Since mGˆ = 0 for m ∈ L, we have
0 = f (mGˆ) = rαGˆ +m′Gˆ = rαGˆ . Hence we see that r = 0 and f (m) ∈ L.
Put f (α) = rα +m with r ∈ O and m ∈ L. Then it follows that Im( f − r IdM(OH↑G )) ⊆ L. Hence we
see that f − r IdM(OH↑G ) ∈ Rad(EndOG(M(OH↑G))). 
Remark 4.2. Let Θ be the connected component of Γ (OG) containing OH↑G , where H (= 1) is a
normal subgroup of a p-group G . Then by Theorem 2.10, OH↑G lies at the end of Θ and the tree
class of Θ is not A∞∞ . By Lemma 4.1, the length of Irr(M(OH↑G), OH↑G) as EndOG(M(OH↑G))-
module and that as EndOG(OH↑G)-module are same. (They are equal to the k-dimension of
Irr(M(OH↑G), OH↑G).) Hence the tree class of Θ is not B∞ or C∞ [20, 3.8 Deﬁnition].
Combining the following with [12, Theorem], we see that if OG is a wild group ring of a p-
group G , then the conclusion in Theorem 3.1 holds without the assumption that k is algebraically
closed and pO  πO.
Theorem4.3. Let G be a p-group, Q (= 1) a proper subgroup of G andΘ the connected component of Γ (OG)
containing OQ ↑G . Suppose that OG is of inﬁnite representation type. Then the tree class Υ of the stable part
of Θ is A∞ and OQ ↑G lies at the end of Θ .
Proof. We may assume that Q is not cyclic by virtue of [10], and so |G| > |Q |  p2. If Θ contains
the indecomposable projective OG-lattice OG , then Υ is A∞ by [15, Theorem]. On the other hand, if
Θ does not contain OG , then Υ of Θ is not Euclidean by [23, Theorem A]. Moreover, we may assume
that Q is normal in G from Lemmas 3.6 and 3.7. Since OQ ↑G/πOQ ↑G is not simple (1 = Q  G),
Υ is not D∞ by Lemma 3.3. (Note that we do not need the assumption that k is algebraically closed
and pO  πO for Lemma 3.3.) Also, Υ is not B∞ , C∞ or A∞∞ by Remark 4.2. The result holds by
Webb’s Theorem A of [23]. 
Remark 4.4. We use the same notation and assumption as in Theorem 4.3. Then, Θ does not contain
the projective lattice OG . Otherwise, Θ contains the radical Rad(OG) of OG , and Rad(OG) lies at
the end of Θ [15, Proposition 3.6]. Then Rad(OG) is isomorphic to a syzygy of a trivial source lattice
and thus Rad(OG)/π Rad(OG) is indecomposable. However, this contradicts [14, Section 2].
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